In this paper we consider the relation between the super-renormalizable theories of quantum gravity (SRQG) studied in [1, 2] and an underlying non-commutativity of spacetime. For one particular super-renormalizable theory we show that at linear level (quadratic in the Lagrangian) the propagator of the theory is the same we obtain starting from a theory of gravity endowed with θ-Poincaré quantum groups of symmetry. Such a theory is over the so called θ-Minkowski non-commuative spacetime. We shed new light on this link and show that among the theories considered in [1, 2] , there exist only one non-local and Lorentz invariant super-renormalizable theory of quantum gravity that can be described in terms of a quantum group symmetry structure. We also emphasize contact with pre-existent works in the literature and discuss preservation of the equivalence principle in our framework.
I. INTRODUCTION
In the recent papers [1, 2] it has been introduced a modified theory of gravity assuming a synthesis of minimal requirements: (i) regularity of classical solutions; (ii) Einstein-Hilbert action should be the correct low energy limit; (iii) the spacetime dimension has to decrease with the energy; (iv) the theory has to be perturbatively renormalizable at quantum level; (v) the theory has to be unitary, with no other pole beyond the graviton in the propagator.
The theory we are going to summarize in the next section is power counting super-renormalizable at the quantum level at least perturbativelly and at classical level the gravitational potential [1] , black hole solutions [2, 3, and the cosmological solutions are singularity free [1, 4, 5] . The Lagrangian is a "nonlocal" extension of the renormalizable quadratic Stelle theory [29] but the non locality only involve positive powers of the D'Alembertian covariant operator. In other words there are not operators like 1/ p (p > 0). The theory is not unique (we thus refer to super-renormalizable "theories"), but all the freedom present in the action can be read in an "entire function" of the D' Alembertian operator, H(− /Λ 2 ) [30] (Λ is a physical mass-invariant scale introduced in the classical action). * Electronic address: salexand@haverford.edu † Electronic address: amarcian@haverford.edu ‡ Electronic address: lmodesto@perimeterinstitute.ca
The reason of this paper is not only to find an elegant reason for the nonlocal nature of the action, but it is to find a way to fix uniquely the entire function which is mentioned above. In this paper we show that the propagator of the theory, for a particular choice of the entire function H(− /Λ 2 ), has exactly the same form of the propagator we obtain starting from a theory of gravity endowed with θ-Poincaré quantum groups of symmetry. The right choice is much easier we could think, i.e.
H(− /Λ
2 ) = − /Λ 2 . Any other entire function gives of course a well defined super-renormalizable theory of gravity (consistently with some particular properties [1, 2] ) but is not compatible with the requirement of having a non-trivial Hopf-algebra-like symmetry regulating the super-renormalizability of the theory. In particular, the Hopf-algebra underlying the super-renormalizable model we discuss below is a quantum-group associated to an associative non-commutative space-time. In particular, this is the only quantum group of (space-time) symmetry that can be accounted within the model presented in [2] , if we do not relax the associativity of the space-time points' coordinates. What emerges is therefore a new symmetric structure underlying the theory.
II. THE THEORY
A simplified version of the theory is a nonlocal generalization of the Stelle quadratic action for gravity [29] and can be written in the following compact form,
where the tensor F (− Λ ) is a function of the covariant D'Alembertian operator − Λ := − /Λ 2 , Λ is a physical mass scale and κ 2 = 32πG. To fix the notation we can write more explicitly the tensor F (− Λ ) in terms of two entire functions h 2 and h 0 that we are going to define in this same section,
The complete Lagrangian including also the gauge fixing and ghost terms is
where the gauge fixing and ghost Lagrangian terms are
The operator η Λ encapsulates the D'Alembertian of the flat fixed background, whereas F µ is the gauge fixing function with the weight functional ω. The two functions h 2 and h 0 have not to be polynomial but "entire functions without poles or essential singularities" to avoid ghosts (states with negative norm) in the spectrum ω. will be defined shortly, in (6) .
We calculate now the graviton propagator. For this purpose we start by considering the quadratic expansion of the Lagrangian (1) in the graviton field fluctuation without specifying the explicit form of the functionals h 2 and h 0 (if not necessary). Following the Stelle paper [29] , we expand around the Minkowski background η µν in power of the graviton field h µν defined in the following way
The form of the propagator depends not only on the gauge choice but also on the definition of the gravitational fluctuation [32] . The gauge choice is the familiar "harmonic gauge" ∂ ν h µν = 0 and in (4),
is the operator which generates the gauge transformations in the graviton fluctuation h µν . Given the infinitesimal coordinates transformation x µ′ = x µ + κξ µ , the graviton field transforms as follows
We Taylor-expand now the gravitational part of the action (1) to the second order in the gravitational perturbation h µν (x) to obtain the graviton propagator. In the momentum space, the action which is purely quadratic in the gravitational field, reads
where L GF is the gauge fixing Lagrangian at the second order in the graviton field
The kinetic operator K µνρσ is defined by
and we have introduced the following notation
where z := − Λ . Notice that in (7) Λ has to be identified with the D'Alembertian operator in flat spacetime − η Λ . We have used the gauge F τ = ∂ µ h µτ and introduced the projectors P (2) , P (1) ,
[43] (see also appendix A). Using the orthogonality properties of the projectors we can now invert the kinetic matrix in (7) and obtain the graviton propagator. In the following expression the graviton propagator is expressed in the momentum space according to the quadratic Lagrangian (7),
where the propagator in the gauge ξ = 0 is
and D ξ µνρσ (k) is the gauge dependent part of the propagator.
We are now in the position to find an upper bound to the divergences in quantum gravity. We consider a particular theory in which the two general entire functions h i (z) introduced in the action have the following asymptotic exponential behavior,
for three general parameters α, α 2 and α 0 . Given the ultraviolet exponential behavior of the two functions h i (z), let us study the high energy behavior of the quantum theory. The ultraviolet behavior of the propagator in momentum space (actually we will see that this is the correct scaling of the propagator at any energy scale), omitting the tensorial structure, reads
But also the n-graviton interaction has the same scaling in the momentum space, since it can be written in the following schematic way
in which ". . ." indicates other interaction terms coming from the covariant D'Alembertian and η = η µν ∂ µ ∂ ν . Placing an upper bound to the amplitude with L-loops, we find
In the last step we used again the topological identity I = V + L − 1. The L-loops amplitude is UV finite for L > 1 and it diverges as "p 4 " for L = 1. Thus only 1-loop divergences exist and the theory is super-renormalizable 1 . In these SRQG theories the quantities β, β 2 , β 0 and eventually the cosmological constant are renormalized, namely
in which all the coupling must be understood as renormalized at an energy scale µ. On the other hand, the functions h i are not renormalized because the upper limit A(L) 4 (14) . We assume that the theory is renormalized at an energy scale scale µ 0 . If we want the bare propagator to possess no other gauge-invariant pole than the transverse physical graviton pole, we have to set
If the energy scale µ 0 is taken as the renormalization point, thenh 2 =h 0 = β(µ 0 ) exp(z), and only the physical massless spin-2 graviton pole occurs in the bare propagator. In the gauge ξ = 0 the propagator in (10) reads
If we choose another renormalization scale µ, then the bare propagator acquires poles; however, these poles cancel in the dressed physical propagator because the renormalization group invariance preserves unitarity in the dressed physical propagator at any energy scale and no other physical pole emerges at any other scale.
III. NONCOMMUTATIVE SPACETIME & QUANTUM GROUPS
We unveil in this section the link between one of the SRQG theories analyzed above and the quantum-group structure of spacetime-symmetries proper to noncommuative space-times. The key point is that the two-point function of the super-renormalizable theory can be reexpresed in such a way to exhibit the hidden quantumgroup-like structure in the momentum space through the Fourier transform ofh i (− Λ ) (i = 0, 2). We present in particular two procedures accounting for this result and leading to a particularly simple example of noncommuativity that is well known and has been studied mathematically in depth, namely the θ-Minkowski spacetime with its associated θ-Poincaré Hopf algebra of symmetries. We then move to scrutinize possible generalizations within the framework of spacetimes with noncommutativity of the type
and conclude with the theorem that, focusing on associative space-time algebras, there is only one possible choice ofh n ( Λ ) compatible with a non-trivial Hopf-algebra structure of space-time symmetries.
A. Emergence of the quantum θ-structure
Starting from the expression of the two-point function (10), we easily obtain, within an appropriate choice of the gauge, the scalar structure for the graviton propagator to be
where we start consideringh 2 (z) =h 0 (z) := exp H(z) as to be as general as possible and where
is an entire function of the argument. TS means "tensorial structure". In order to make explicit the mechanism underlying the result we are going to show, we focus in this first part of the section on a Euclidean 2D space-time and then consider a phase-space non-commutativity involvinĝ X i space-coordinates operators andP j momentum operators characterized by the following Lie-brackets
namely the Heisemberg non-commutativity between conjugated variables and the Moyal-plane noncommutativity between space-coordinates. It has been shown in Refs. [31, 33] that for a particular choice of θ ij involving noncommutativity in two of the space-coordinates (e.g. say θ 3i = −θ i3 = 0 and θ ab = θ ǫ ab with a, b = 1, 2) it is possible to cast the space-noncommutativity on the 2D plane in terms of Ladder operators and coherent states digonalizing these latter. For instance, assuming θ ab = θ ǫ ab one can define
These new operators fulfill the algebra [Ẑ,Ẑ † ] = θ, and their eigenstates are labelled as |z and are such thatẐ|z = z|z and z|Ẑ † = z|z, namely
These coherent states of the non-commutative plane satisfy the completeness relation dzdz|z z| = πθ. In quantum field theory the basic non-commutative variables are fields and their conjugated momenta. Coordinates are represented as labels and are commutative. Differently, for a quantum filed theory grounded on (18) we must consider the expectation value of fields over coherent states (19) encoding space non-commutativity, in order to relate quantization results to standard commutative quantum field theory. This leads to the expansion of quantum fields on a Fourier basis z| exp(ip jX j )|z in which such a expectation value is considered, yielding the crucial result
in which the Baker-Campbell-Hausdorff formula has been used (see Appendix B) and the quantities √ 2p ± = (p 1 ± ip 2 ) have been defined. Notice also that shrinking to zero the deformation parameter θ accounts for considering the "classical limit" toward standard-commutative quantum filed theory.
We can now generalize this procedure to a noncommutative 4D space-time and find an energymomentum exponential-dumping behavior as in (17) 
We start considering a phasespace involving spacetime coordinates and conjugated momenta of the type
We recall that for θ µ0 = 0, any Lorentzian theory constructed on (21) is non-unitary [34] . For the moment we disregard this problem, perform a Wick rotation to the Euclidean spacetime, and show that assuming the only non-zero components θ 03 = −θ 30 ≡ ξ = 0 and θ 12 = −θ 21 ≡ θ = 0 it is possible to give sense to a graviton propagator whose scalar structure is expressed by (17) . Let us see here below how it is possible to achieve this result. Together with the Ladder operatorsẐ andẐ † , we consider the choice of θ µν specified above and of another class of Ladder operators involvinĝ X 1 andX 3 coordinates, namely
and from the type of space-time non-commutativity we assumed above that [T ,Ẑ] = [T ,Ẑ † ] = 0, i.e. the two sectors of Ladder operators can be simultaneously diagonalized. The coherent states for theT -sector can be constructed in the same way as for theẐ-sector, yielding eigenstates |t such thatT |t = t|t and t|T † = t|t, namely
which is provided with the completeness relation dtdt|t t| = πθ. We can therefore consider the coherent states |z, t = |z |t . The relevant formula for expanding quantum fields on a Fourier basis is given by the manipulation of z, t| exp(ip µX µ )|z, t . This is the expectation value over the coherent state |z, t of wave-exponentials entering the Fourier-modes expansion of quantum fields on non-commutative space-time, and yields the crucial result
In (23) we have introduced the quantities √ 2p ± = (p 0 ± ip 3 ) and used the Baker-Campbell-Hausdorff formula. Once again we emphasize that, having performed a Wick rotation, our analysis focuses on the Euclidean signature sign(η µν ) = (+, +, +, +), for which problems of unitarity do not appear. Among the super-renormalizable theories previously considered there exist one that can be recast when ξ = θ as a theory over a non-commutative spacetime, with non-commutativity of the type
Indeed, when ξ = θ = 1/Λ, the damping factor in (17), specialized to the case H(z) = z, is automatically recreated from the kinematical manipulations reviewed in (23) . Moreover, the choice of ξ = θ preserves Lorentz covariance when we Wick rotate back to the noncommutative space-time with Lorentzian signature. It is well known in literature that the algebra of symmetries for the non-commutative space-time in (24) is a twisted Hopf algebra P θ called θ-Poincaré Hopf algebra, and that a theory with a covariant action gives rise in this framework to conserved Noether charges (see e.g.
[35], which extends the work done in [36] for the case of the κ-Poincaré Hopf algebra). Therefore θ-Poincaré truly represents an external symmetry (Hopf) algebra, and the same holds for its Lorentz sub-algebra. Moreover, we can construct a covariant theory under the action of the generators of P θ that has a new scale invariant, i.e. θ. We will discuss later these implications. We complete the discussion on the emergence of the θ-Poincaré symmetry noticing that the tensorial structure in (10) does not affect the result of our analysis, as indeed this can be made fully consistent with the θ-Poincaré symmetry of this theory [37] . Indeed, a remarkable feature of the θ-Poincaré quantum groups is that the Lorentz subalgebra is unmodified with respect to the Poincaré algebra. This allows to define linear Lorentz transformation and conservation laws following the standard recipe. From now on, we will mention the Lorentz sector, without specifying that it belongs to the θ-Poincaré or Poincaré algebra Hopf algebra 2 .
B. A different philosophy to unveil P θ
The emergence of the θ-Poincaré symmetry-structure does not rely on the particular procedure we adopted in the preceding subsection. For instance, we could have chosen to adopt the "Weyl system" procedure [38] , as it has been done in [35] at the purpose of analyzing the symmetry-structure of a scalar field theory on θ-Minkowski spacetime. The "Weyl map" Ω associates to any function f (x) of θ-Minkowski an auxiliary commutative function f (c) (x). The easiest way of implementing this map is to consider the Fourier transformf (p) of f (x) and then apply on the Fourier modes the Weyl map, namely
in which ": · :" denotes an ordering of the noncommutative coordinates associated to Ω. The inverse of the Weyl map, namely Ω −1 , is also well defined and is called the Wigner map. Our Wigner map is expressed by the semi-classical limit of the measurement-procedure involving coherent states |z, t , namely
This procedure also provides a physical picture in our context of the Wigner and Weyl maps. As reminded above, because of the peculiar features of spacetime noncommutativity, a Weyl map selects a particular normal ordering for the spacetime coordinates. Suppose to choose the "semiclassical-state" ordering, which is defined in the x 1 − x 2 plane by the following action of the Weyl map on the Fourier-modes basis elements
On the whole θ-Minkowski spacetime (24) , in which θ 03 = θ 12 = θ = −θ 30 = −θ 21 and θ 13 = θ 23 = θ 01 = θ 02 = 0, we might consider the definition of "semiclassical-state" ordering and the related Weyl map by adopting the coordinatesT andT
Now define the integration map on the noncommutative θ-Minkowski spacetime as the map such that
A quantum theory of non commutative fields can now be constructed following the same steps as in [39] , namely considering an expansion of the quantum field, fulfilling a Lorentz covariant equation of motion, on a noncommutative Fourier basis
and then imposing braiding relations on the ladder operators by means of the bi-algebra twisting element
Notice that in (30) we have introduced the notation for the Lorentz invariant measure
The requirement of compatibility of the covariant action of symmetries on tensor product of states with the tensor product of state on which symmetries have already acted, yields indeed the braiding in the multiparticle states. This peculiar feature of non-commutative quantum field theory enjoying θ-Poincaré symmetries are originated by the action of the twisting element, which we define here by means of F θ ⊲(|p ⊗|q ) = F θ (p, q) |p ⊗|q , i.e. through
The vacuum state of the Fock space is defined by a p |0 = 0, and states of the Hilbert by |p = a † p |0 . The second quantization procedure hence defined can be applied to the geometric two-tensor field, as defined in [37] and perturbative-expanded as in [2] . The second relation in (31) is what we need in order to compute the graviton propagator in the non-commutative theory, namely
We emphasize that D µνρσ (X α −Ŷ α ) is differs from the expectation value (on the coherent states |z, t ) of the propagator of the quantum theory, namely D µνρσ (x α − y α ). We would have obtained D µνρσ (x α −y α ) if we had followed the same strategy as in Ref. [31, 33] . In our notation, in terms of the Wigner map, this accounts for
that leads to the graviton propagator
The Fourier transform of the graviton propagator sketched in (32) by using the ordering introduced in (28) turns out to give the same value determined henceforth at the beginning of this section, in (17) . The procedure incorporated in this second section is more general than that one based on the expectation value on coherent states and must be in general considered as distinct. Nevertheless, this reduces to the one exposed in the preceding section whenever we consider (26) as a concrete definition for the Wigner map.
C. Uniqueness of the link between quantum groups
and SRQG and falsifiability of the theory
In this section we prove a simple theorem stating the uniqueness of the link between quantum groups and SRQG. Specifically, we prove that the only non trivial Hopf algebra connected to SRQG is the θ-Poincaré Hopf algebra, and that this latter selects only one among the many possible theories (namely, the theory defined by the choiceh 2 (z) =h 0 (z) = exp z, with z = − /Λ 2 ) described in [2] . Thus, in what follows we scrutinize the possibility of generalizing results previously exposed to a wider class of non-commutative spacetimes and prove the impossibility of achieving this goal if we decide not to relax the requirement of associativity for the noncommutative space-time algebra.
The natural place in order to seek for the generalization of previous results is represented by (20) and the implementation within it of the Baker-Campbell-Hausdorff formula and of its inverse formula, the Zassenhaus formula. Suppose indeed to consider in (17) the integer function to be H(
We address the search for a suitable Lie algebra reproducing this structure for H(− /Λ 2 ) in terms of generic functions θ 34 , depending 3 onẐ andẐ † , and θ 12 depending onT andT † . Commutation relations for the Ladder operators now read
Maintaining unchanged the definition ofẐ andT , formulas (33) yields a space-time non-commutativity of the form
Notice that in general both the θ-Minkowski type and κ-Minkowski [41] type of non-commutativity are present in the expansion of the functionsθ 12 andθ 34 . Such a co-presence of space-time non-commutativities has been considered in literature [42] in light of its relation with string-theory scenarios 4 . But (34) is not sufficient in order to ensure the desired behavior for the Fourier transform of the integer function H(k 2 /Λ 2 ) appearing in the 3 We recall that the BCH formula and its inverse have been developed considering only Lie-algebra cases. Thus θ 34 and θ 12 could be rigorously expanded only up to linear order in the generators of the algebra. 4 Expansion of formulae (34) make sense up to second order in a scale κ having dimension of inverse energy. Following dimensional arguments, for a spacetime non commutativity of the type
the only class of deformations of spacetime having classical limit for κ → 0 are of the type graviton propagator calculation. In other words, we can not achieve the Fourer transform
on a perturbed background of the form (5) if we still require the non-commutative algebra to be associative. We can prove this theorem considering that two requirements should be fulfilled as necessary conditions in order to add a term like c 2 (k 2 /Λ 2 ) 2 in (17). The first one reads
and ensures that momenta are not redefined at linear order in √ θ, i.e. for linear Planck mass corrections. The second condition is
and ensures the existence of two terms summing in
2 from theẐ −Ẑ † sector. But once summed, these contributions are not sufficient in recreating a covariant (p 2 ) 2 term, which in stead would come from the Fourier transform of 2 as it appears in the second term of (35) . Therefore we should consider now interaction between the two sectors,T −T † andẐ −Ẑ † , which would now determine the appearance of mixed terms in p 
and momenta as
In theT −T † sector, operators are now labeled aŝ
while momenta are labeled as follows
We emphasize that, in order to obtain a dumping exponential phase-term exp [−2θ
2 ]}, and hence recreating a covariant exponential dumping phase-factor exp −θ 2 (p 2 ) 2 , new conditions must be fulfilled about the non-commutativity in theX 1 −X 3 plane and in theX 1 −X 4 plane, as well as in theX 2 −X 3 andX 2 −X 4 planes. These can be derived looking at the exponential (42) and at its decomposition by means of the Zassenhaus formula, and then imposing that e i(p1X1 + p2X2 +p3X3 +p4X4)
For arbitrary values of p µ , the requirement on the Lorentz-invariance of the algebraic sector (and thus on the Lorentz-invariance of the Fourier space) implies from
Namely, Lorentz invariance requires that the only type of affordable non-commutativity is the one we considered above on theX 1 −X 2 plane and on theX 3 −X 4 plane. We would have reached the same conclusion from (44) (17), if we start from a Lie algebra type of non-commutativity. This result could be in part anticipated. We know indeed that only the twisted θ-Poincaré Hopf algebra at the same time preserves Lorentz symmetry, at least in the algebraic sector and in the Fourier space, and consistently realizes the associativity in the module algebra (of space-time coordinates functions).
Finally, the argument developed here above and based on the choice of the particular SRQG theory defined by (35) , can be repeated for any entire function H(z), thus for any generic SRQG theory. This ends our proof about the uniqueness of the link between SRQG and non-trivial Hopf algebra, specifically the θ-Poincaré quantum group. It is not overwhelming to emphasize that the uniqueness, i.e. having fixed H(z) to a unique function, traces back to the definition of a unique theory of SRQG among the many allowed in the framework of [2] . We also emphasize that such a result relies on the construction of the phase-space with Heisenberg-type of non-commutativity between spacetime and momenta, thus it is consistent with the associativity of the space-time coordinates considered in previous sections 5 . Extending the analysis to deformed phase-space, and hence to a non-associative spacetimes, would not have allowed us to conclude with the same statement.
D. SRQG and Non-commutative Gravity
In preparation for the conclusions, we want to address in this section a brief comparison of the model above with the theory of non-commutative geometry and gravity developed in [37] , and with seminal works on the relation between differential calculi over a given noncommutative associative algebra and space-time metrics addressed in [45, 46] . We first emphasize the differences between the model presented in this letter and the works in [45, 46] and [37] , and then conclude with a list of points to be investigated in forthcoming works in order to gain a clearer physical picture.
The most striking point we are confronted with is the in-equivalence of our model with the ones addressed in [45, 46] and [37] . This feature indeed is already evident at the level of the linearized equation of motion for the SRQG theories described in [1, 2] . A first heuristic analysis based on the work reported in references [49] reveals indeed that linearized equation for the model here treated would involve a non-local operator H ρσ µν (∇ α ) acting on the Ricci scalar R and the Ricci tensor R µν in the form
in which G µν denotes the Einstein tensor and κ 2 = 8πG in natural units. In (45) H ρσ µν (∇ α ) acts as a total derivative only on the Ricci tensor and therefore the associativity condition of an eventual star-produc would not be satisfied. Thus it would be completely meaningless even try to make sense of H ρσ µν (∇ α ) in terms of a star-product and of an underlying non-commutative of space-time, even in situation in which the background has been fixed and gravity has been linearized at the first order, as for instance when considering g µν = η µν + κh µν . Moreover is matter of fact that equation (45) differs from the equation of motion derived in the model studied in [37] , where the non-commutative Einstein equations read
Another point of difference we should single out is the absence in our framework of a consistent interpretation of the non-locality within the action (1) in terms of a twisted star-product. Following for instance a common procedure (see e.g. Ref. [47] and references therein), we can express any field theory on non-commutative spacetime as a non-local field theory on a commutative spacetime, provided that non-locality is described in terms of a star-product. Thus in principle we can ask whether it is possible to do the converse in our framework, recovering a star-product. But we should also consider a twist-element which leave undeformed the Lorentz sector of the Poincaré algebra, because of the particular dependence on the D'Alambertian covariant operator in the non-local function F . This feature represents a strong constraint for the theories studied in [2] . A twist element would naturally achieve this goal, but it is quite easy to see that from the particular form of F we would not be able to derive the associativity of the star-product, neither the normalization condition for it (see e.g. section II of Ref. [37] ), both of them necessary requirements to recover a twist-element. Therefore we would be naturally lead to search for a generalization of our framework, and more in general of the theories presented in [2] , in order to account for a consistent twist-element. We emphasize that in this latter theoretical framework we would be able to address interesting conceptual questions. Indeed, although in the seminal works in [45, 46] cases in which non-commutativity singled out a preferred metric were considered, in [37] any moving frame has been treated on equal footing and it has been shown that there are infinitely many metrics compatible with a given noncommutative differential geometry. Moreover, as a consequence of the bicovariant differential calculus and of the framework single out in [37] , torsion appears also in the vacuum. This scheme hence implies a deformation of the geodesic motion, and consequences for the equivalence principle should be also investigated in detail. Con-versely, the compatibility of the metric and the validity of the equivalence principle are imposed from the beginning in [1, 2] and not quested.
IV. CONCLUSIONS
Moving from the work in [2] defining a class of SRQG theories, we have shown in this paper that is possible to define a unique SRQG theory provided with a nontrivial Hopf algebra of space-time symmetries. The associated phase space is Heisenberg type, and associativity must be preserved in the non-commutative theory. Specifically, the non-trivial Hopf algebra connected to SRQG is the twisted algebra of θ-Poincaré, which shows as a remarkable feature that one of having a Poincaré algebra, and thus a Lorentz subalgebra, that are unmodified in the dimension-full parameter θ. For θ-Poincaré, deformation emerges in the co-algebra structure and in the other mathematical structures defining the concept of Hopf-algebra, which is a bi-algebra fulfilling certain consistency relations [40] . Therefore, Lorentz transformation and Lorentz covariance is defined in the standard way in this quantum-group symmetric SRQG theory, and locally it makes still sense to say that the Lorentzian theory is invariant under action of the generators of so (3, 1) . Anyway, the presence of θ ∼ 1/Λ 2 modifications in the co-algebraic sector induces a treatment of many-particle states at the quantum level which opens the path to entanglement effects. Moreover, the fuzziness of spacetime might have now consequences on the principe of equivalence in the quantum theory. These are suggestive questions that can be addressed only at the level of a full quantized theory, we leave therefore them for future developments.
Appendix A: P (2) , P (1) , P (0−s) , P (0−sω) -Tensors
We furnish here below the expression for some quantities introduced in Section II, namely 
Appendix B: BCH formulae
We summarize in this appendix some useful formulae that we have used in the above sections. We first consider a linear operator A, which is defined by means of
As a consequence, ∂ τ e τ A = Ae τ A = e τ A A. Let us consider another linear operator B, and let be B(τ ) = e τ A Be −τ A . The Sophus-Lie formula then provide us with the following series representation for B(τ ): 
Furthermore, in addition to the BCH formula, there is another expression which is also referred to as BCH formula, but which is due to Eugene Dynkin. This latter expression provides us with the multiplication law for two exponentials of linear operators within the assumptions 
and reshuffling this latter expression, one obtain the Zassenhaus formula at the second order 
As for practical reasons we were mostly interested to the Zassenhaus formula up to the fourth order, here below we furnish it for completeness e A+B = e A e B e 
